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Abstract. It is shown that locally conformally flat Lorcntzian gradient Ricci 
solitons are locally isometric to a Robertson- Walker warped product, if the 
gradient of the potential function is non null, and to a plane wave, if the 
gradient of the potential function is null. The latter gradient Ricci solitons are 
necessarily steady. 



1. Introduction 

Let M be a diffcrcntiablc manifold of dimension n + 2, let g be a pseudo- 
Riemannian metric and let / be a smooth function on M. We say that the triple 
(M,g,f) is a gradient Ricci soliton if the following equation is satisfied: 

(1) Hes/+/? = A.g, 

where Hes denotes de Hessian, p denotes the Ricci tensor and A is a real number. 
By contracting in the previous equation one sees that A = ^j(A/ + r), where r 
denotes the scalar curvature and A denotes the Laplacian. A gradient Ricci soliton 
is said to be shrinking, steady or expanding if A > 0, A = or A < 0, respectively. 

Gradient Ricci solitons are a particularly interesting family of Ricci solitons. 
These arise as self-similar solutions of the Ricci flow ^ff(t) = —2p g ^ under certain 
conditions. Lorentzian Ricci solitons have been investigated recently showing many 
essential differences with respect to the positive definite case [5J [SJ [3T| • 

A gradient Ricci soliton (M, g, f) is said to be rigid if (M, g) is isometric to a 
quotient of TV x E fc , where N is an Einstein manifold and the potential function / 
is defined on the Euclidean factor as / = -|||a;|| 2 (thus generalizing the Gaussian 
soliton) [53] . Although rigidity is a rather restrictive condition, rigid Ricci solitons 
are the only solitons in many important situations as shown in [23) . where it is 
proven that any homogeneous gradient Ricci soliton is rigid if the metric is positive 
definite. This result fails when passing from the Ricmannian to the Lorentzian 
setting [5] . Indeed, indecomposable Lorentzian symmetric spaces provide examples 
of nontrivial steady gradient Ricci solitons in which, moreover, the gradient of the 
potential function V/ is a null geodesic vector field [2J. 

Riemannian locally conformally flat complete shrinking and steady gradient Ricci 
solitons were recently classified: they are quotients of K™ +2 , §™+ 2 or R x S n+1 if 
shrinking and the Bryant soliton if steady [TU] (see also [33]). The existence of 
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locally conformally flat Lorentzian steady gradient Ricci solitons of non Bryant 
type was proven in [2]. 

The purpose of this work is to investigate locally conformally flat gradient Ricci 
solitons in the Lorentzian setting by focusing on their local structure. The following 
is the main result. 

Theorem 1. Let (M,g,f) be a locally conformally flat Lorentzian gradient Ricci 



(i) In a neighborhood of any point where ||V/|| ^ 0, M is locally isometric to a 
Roberts on- Walker warped product I x^, N with metric edt 2 + ip 2 g^, where 
I is a real interval and (N, gjy) is a space of constant curvature c. 

(ii) If ||V/|| = on a non-empty open set, then (M,g) is locally isometric to a 
plane wave, i.e., M is locally diffeomorphic to R 2 x K™ with metric 



where H{u, x\, . . . , x n ) = a(u) Yn=i x i + X)i=i bi(u)xi + c(u) for some func- 
tions a(u), bi(u), c(u) and the potential function is given by f(u, X\, . . . , x n ) 
= fo(u), with /o(u) = -Puu = na(u). 

We say that a gradient Ricci soliton is non isotropic if ||V/|| ^ or isotropic if 
||V/|| =0. In the following sections we will study both cases separately. 

Remark 2. Riemannian locally conformally flat gradient Ricci solitons are anal- 
ogous to the manifolds describe in Theorem [T]-(i). Due to holonomy action there 
exist other possibilities in Lorentzian signature, as Theorem [1]- (ii) shows. 

Remark 3. The character of V/ may vary from one point to another. Thus, for 
example, consider the Lorentzian analog of the Gaussian soliton. Let (L™ +2 , g) 
be the flat Minkowski space and let f(x\, . . . , x n +2) = j{— x\ + x\ + ■ ■ ■ + x 2 l+2 ) 
be defined on L" +2 . The gradient of / is given by V/ = A(xi + X2 + ■ ■ ■ + x n+ 2) 
and the Hessian is Hesf = Xg. Hence the soliton equation ([I) is satisfied for any 
given A. Note that |j V/|| 2 = A 2 (— x\ + x\ + ■ ■ ■ + £ 2 +2 ) is positive, zero or negative 
depending on (xi, . . . , a;„+2), so the character of V/ varies with the point. 

The paper is organized as follows. In Section[5]wc recall some basic formulas and 
give some results showing that under certain assumptions V/ is an eigenvector of 
the Ricci operator; this will be crucial in the proof of Theorem[TJ Also we study two- 
dimensional gradient Ricci solitons and Einstein gradient Ricci solitons. We devote 
Section [3] to analyze locally conformally flat non isotropic gradient Ricci solitons 
and Section 2] to study the isotropic case, showing that the underlying structure of 
such a soliton is a pp-w&ve. Finally the existence of gradient Ricci solitons in pp- 
waves is discussed in general, without any further assumption, in Section [5] Thus 
the restriction of this discussion to locally conformally flat pp- waves completes the 
proof of Theorem [T] 



The orthogonal group decomposes the space of curvature tensors into three irre- 
ducible modules. Thus, a curvature tensor R can be written as R = ttt — t^tt — ttt<7Q 
g + ipo 9 + W, where po is the traceless Ricci tensor, W is the Weyl conformal 
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tensor, and is the Kulkarni-Nomizu product (for A, B symmetric 2-tensors, (AQ 
B)(x, y, z, w) = A(x, z)B(y, w) + A(y, w)B(x, z) - A(x, w)B(y, z) - A(y, z)B(x, w)). 
Note that the curvature tensor can also be written as R = CQg + W where 
C = i (^p — 2(n+i) 9^ * s ^ ric Schouten tensor. The summands in the previous de- 
composition have a geometrical meaning; thus, for example, Einstein manifolds 
have vanishing tracclcss Ricci tensor, while locally conformally flat manifolds have 
W = if n > 2 and the Schouten tensor is Codazzi (i.e., its covariant derivative is 
totally symmetric) if n > 1. In this Section we begin the study of gradient Ricci 
solitons in these two particular cases. 

Let (M,g,f) be a Lorentzian gradient Ricci soliton. Although the following is 
well-known (see, for example, [24]), we recall the formulae and sketch the proof in 
order to make the paper as self-contained as possible. Let Ric denote the Ricci 
operator denned by <?(Ric(Af ), Y) = p(X, Y) for any vector fields X and Y. 

Lemma 4. A Lorentzian gradient Ricci soliton with potential function f satisfies 

(2) Vr = 2Ric(V/), 

(3) t + || V /|| 2 -2A/ = const. 

Proof. Tracing the soliton equation ([T]) gives A/+r = nX, hence Vr = — VA/. The 
contracted second Bianchi identity (V^t = 2divp(Z)) together with the Bochncr 
formula div(VV/) = p(V/) + VA/ now gives ©. 

Writing the soliton equation as Ric +VVf = Xld and using ([2]) one has 

Vt = 2Ric(V/) = 2AV/ - 2V V /V/ = 2AV/ - V||V/|| 2 . 

Hence V(r + || V/|| 2 - 2A/) = 0, which proves ©. □ 

Remark 5. As a consequence of Lemma |4] there are several particular situations 
in which V/ is an eigenvector of the Ricci operator. Thus, if r is constant, from 
it follows that V/ is an eigenvector for the Ricci operator associated to the 
eigenvalue zero. Also, if V/ is null, then from J3]) one has r = const +2A/; now 
substitute in © to see that Ric(V/) = XV f. 

2.1. Two-dimensional steady gradient Ricci solitons. Let (M, g, /) be a two- 
dimensional gradient Ricci soliton. Consider the canonical para-Kahler structure Z 
(i.e., 3 2 = Id, g(3 • ,3 ■ ) = —g( ■ , ■), V3 = 0) on (M,g). Then, proceeding as in [11] 
§1.3], it follows that ZVf is a Killing vector field. Now, if V/ is a nonnull vector 
field, then (M,g) is locally a warped product. On the other hand, if V/ is a null 
vector field, then consider coordinates {x\,x%) so that the null Killing vector field 
is ZVf = The metric tensor takes the form g = a(xi, X2)dx\ +b{xi,X2)dx\dx2 
for some functions a, b. The fact that is Killing implies that gf^-a = and 
= 0, therefore g is flat and ZV f is indeed parallel. 
Next we are going to extend the Hamilton cigar soliton to the Lorentzian setting. 
Let (M, g, /) be a two-dimensional steady gradient Ricci soliton with V/ a timclikc 
vector field (the spacelike case is similar). Set M = I X N with metric g = —dt 2 + 
(tfds 2 and assume / only depends on t. Then a straightforward calculation from 
(HJ) gives that (M, g, /) is a steady gradient Ricci soliton if and only if 

f"(t)-^TT=0 and - f{t)u'{t) + w"(t) = 0. 
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Hence f"w — f'w' = 0, so we integrate to see that f'(t) = nw(t) for a constant k. 
Equations above reduce to kluuj' — uj" = 0. Hence the possible solutions depending 
on the sign of k are given by 

(i) If k — 0; then uj(t) = at + b for constants a and b. In this case M is fiat 
and / is constant. 

(ii) If k = r 2 ; then cj(t) — tan r\/2(at + b) where a and b are constants. 
The potential function is f(t) = d— 2 log cos ( ) f° r a constant d, and 
the scalar curvature is t = 2a r 2 sec 2 (r^^-). 

(hi) If n = — r 2 ; then ui(t) = tanhry / 2(ai + b) for a and b constants. The 
potential function is f(t) = d+ 2 log cosh( ^^t^ ) for a constant d, and the 
scalar curvature is r = — 2a r 2 sech 2 (r ^ at ^ > ) ■ 

Analyzing geodesic completeness in the Lorentzian case is a subtle task. Indeed 
Lorentzian warped products of geodesically complete manifolds need not be com- 
plete, as occurs in positive definite signature. Necessary and sufficient conditions 
for geodesic completeness of Lorentzian warped products were investigated in [9]. 
Let M = / x w JV be a warped product where / = [a, 0) is a real interval and 
(TV, <?at) is a geodesically complete manifold. Then M is timelike, spacelike and null 
geodesically complete if and only if for some 7 € (a, (3) it follows that 



As a consequence, Lorentzian warped products given by (ii) above are not geodesi- 
cally complete, while those given by (iii) are. Thus, (iii) generalizes Hamilton's 
cigar (see [T7]) to the Lorentzian setting. 

2.2. Lorentzian Einstein gradient Ricci solitons. Ricci solitons are general- 
izations of Einstein metrics. If (M, g) is a complete Riemannian Einstein manifold, 
then (M,g,f) is a gradient Ricci soliton if and only if it has Hcs/ = or is a 
Gaussian [24]. The next result describes the local structure of Einstein gradient 
Ricci solitons in the Lorentzian setting. 

Theorem 6. Let (M, g) be a Lorentzian Einstein manifold. Lf (M, g, f) is a gra- 
dient Ricci soliton with nonconstant f, then (M,g) is Ricci flat. Moreover: 

(i) If ||V/|| 7^ 0, then (M,g) is locally a warped product of the form I ~X.fi N 
and the potential function f(t) — ^t 2 + at + b. 

(ii) // ||V/|| = 0, then there exist coordinates (u, v, X\, . . . , x n ) in which the 
metric has the form g = 2dudv + g, where the n-dimensional metric g 
does not depend on v. Moreover, the potential function f is given by any 
function f{u) with f"(u) = and the soliton is steady. 

Proof. Let (M, g, f) be an Einstein gradient Ricci soliton. Then it follows from 
(J2} that either the potential function / is constant or otherwise (M, g) is Ricci flat. 
Assume (M,g) is Ricci flat. The soliton equation ((T|) reduces to Hes/ = \g = ^^3- 
This equation was previously investigated by Brinkmann [1] (see |18j for a modern 
exposition) showing that in a neighborhood of any point where ||V/|| 7^ the 
manifold (M, g) decomposes locally as a warped product of a real interval I C M and 
an Einstein manifold (N, gjy) so that g = edt 2 + {f') 2 gN, where / is a real function 
defined on / with /' 7^ 0. Now, since (M,g) is Ricci flat, a direct computation 
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of the Ricci tensor for the metric edt 2 + (f') 2 gN shows that gN is Einstein and / 
must satisfy /"' = and /'/"' + ne(f") 2 = ^f l . Hence f{t) = ±t 2 + at + b and 
tn = n(n + l)eA 2 . 

Now assume ||V/|| = identically. Then shows that either / is constant or 
the gradient Ricci soliton is steady. If A = the Ricci soliton equation (JTJ reduces 
to Hes/ = 0. Then V/ is a parallel isotropic vector field and the metric tensor can 
be written in suitable Rosen coordinates (u, v, . . . , x n ) as g = dudv + g, where 
the n-dimensional metric g(u) is Ricci flat for any fixed u and does not depend on v 
[H[T8]. Moreover, in this coordinates V/ = and the potential function depends 
only on the variable u. Now, the result follows by computing the Hessian of /. □ 

The (not complete) gradient Ricci solitons described in Theorem EJ-(i) do have 
a Riemannian analog. However, those given in Theorem [6} (ii) are steady gradient 
Ricci solitons (M, g, /), with Hcs/ = 0, without Riemannian counterpart. 

2.3. General remarks on locally conformally flat gradient Ricci solitons. 

Although locally conformally flat gradient Ricci solitons will be more deeply ana- 
lyzed in Sections |3] and SI we begin here by establishing a technical lemma. Pro- 
ceeding in a similar way to that developed in [14], one has the following: 

Lemma 7. Let (M , g, f) be a locally conformally flat gradient Ricci soliton. Then 
V/ is an eigenvector of the Ricci operator. 

Proof. Since (M, g) is locally conformally flat the Schouten tensor is Codazzi, this 
is, (V x C)(y, Z) = (VyC){X, Z) for all vector fields X, Y, Z. Hence 

(4) (V XP )(Y, Z) 2£rn)S( y > Z ) = (V YP )(X, Z) ^p^9(X, Z). 

From ([1]) and using that KeSf(X,Y) = g(V xV f,Y) one has 
(Vxp)(Y,Z) = -(VxKes f )(Y > Z) 

= -Xg(V Y V/, Z) + 5 (V Vx yV/, Z) + g(V Y V/, W X Z) 

= -s(VjrVy V/, Z) + .g(V Vx yV/, Z). 
Substituting this expression in @ we get 

g(V x VyVf, Z) - 5 (V Vx yV/, Z) + f {7 / L g (Y, Z) 

2(n + 1) 

= fl (Vy VxV/, Z) - 9 (V Vr xV/, Z) + g(X, Z). 

2(n + 1) 

Thus 

5(VxVyV/ - VyVxV/ - V [Xi y]V/, Z) = --^L-g(Y, Z) + J ^ \ g(X, Z), 

that is, 

R(X, Y, Z, V/) = -*£L-g(Y, Z) + ^P^g{x, Z), 
2{n+l) 2{n+l) 

or equivalently, using ©, 

(5) R(X, F, Z, Vf) = p(X, Vf)g(Y, Z) + -^—p(Y, Wf)g(X, Z). 
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Let Z = V/ in (0 to obtain 

P (Y, Vf)g(X, V/) = p(X, Vf)g(Y, Vf). 
Now choose X so that g{X, V/) = 1 to see that for all Y _L V/ one has 

o = p(y,v/) = -H es/ (y,v/) 

and conclude that V/ is an eigenvector of the Ricci operator. Note that V/ is also 
an eigenvector of the Hessian operator heSf(X) = VjV/. □ 

3. NON ISOTROPIC GRADIENT RlCCI SOLITONS 

Next wc show that in a neighborhood of any point where || V/| the underly- 
ing manifold has the local structure of a warped product, thus proving Theorem [T]- 

(i)- 

Lemma 8. Let (M, g, f) be a locally conformally flat Lorentzian gradient Ricci 
soliton with ||V/||p 7^ for some point P G M. Then, on a neighborhood of 
P , (M, g) is a warped product of a real interval and a space of constant sectional 
curvature c. 

Proof. If the Weyl tensor of (M, g) vanishes, then the curvature tensor expresses as 

R(X,Y,Z,T) = T {g(X, T)g(Y, Z) - g(X, Z)g(Y, T)} 
n(n + 1) 

(6) + I {p(X, Z)g(Y, T) + p(Y, T)g(X, Z) 

-p(X, T)g(Y, Z) - p(Y, Z)g(X, T)} . 

Consider the unit vector V = iiv/ii ' wn i cn can be timelike or spacelike (we set 
g(V, V) = e), on the tangent space TpM. Complete it to a local orthonormal frame 
{V, Ei, ... , E n+ i} with g(Ei,Ei) = £.;. Then from (|5|) one has 



R(V,E i ,E i ,V) = L-p(V,V)ei, 

71+ 1 



while from © one gets 



R{V, E i: E^ V) = T x est - -p(V, V)e t - -p(E t , E t )e . 



Hence for alH = 1, . . . , n + 1 : 



p(V,V) £l = --p(V,V)e l - -p{E l ,E l )e+—^—ee l 



n + 1 n n n(n + 1) 

from where piEi, Ei)e = ^^-(te — p(V, V))£, . Using ([T]) we have 

HsBf(Ei,Ei) = Xe t + — j-^ (p(V, V)e - r) e u 

which shows that the level sets of / are totally umbilical hypcrsurfaces. Hence 
(M, g) decomposes locally as a twisted product of the form I N (see [25] Thm. 
1]). Now, since V/ is an eigenvector of the Ricci operator by Lemma [3 it follows 
that p(V, Ei) = for all i = 1, . . . , n + 1, and therefore the twisted product reduces 
to a warped product [HI Thm. 1]. Hence (M,g) is locally a warped product 
(7 x N,edt 2 + ip(t) 2 giy) where (N,giy) is a Riemannian or a Lorentzian manifold 
of constant sectional curvature c [6] . □ 
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Remark 9. The potential function / in Lemma [8] is a radial function fit), and 
hence a direct computation from the soliton equation (JlJ shows that it is given as 
a solution to the equations: 

f" =eX+(n+l)4jr, sM'f = \^ 2 -nc + e(ibib" + n(i//) 2 ). 
ip" 

Note that this equations impose restrictions on the warping function tjj, thus the 
warped product is not arbitrary. 

4. Locally conformally flat isotropic gradient Ricci solitons 

In this section we consider the case of gradient Ricci solitons with j| V/|| = 0. 

Recall that for a Ricmannian metric the holonomy group acts completely rc- 
ducibly, i.e., the tangent space decomposes into subspaces on which it acts trivially 
or irreducibly, but for indefinite metrics the situation is more subtle. Indecompos- 
able but not irreducible Lorentzian manifolds admit a parallel degenerate line field 
V, and thus the curvature satisfies (see, for example, [H]) 

(7) R{V,V^,-,-) = 0, R{V,V,;-) = 0, and R{V^,V^,V, ■) = 0. 

If T> is spanned by a parallel null vector field, then (M, g) is said to be a pp-wave if 

(8) R{V^,V^,-,-) = 0. 

(M , g) is called a pr-wave if ([8]) is satisfied but V is not necessarily spanned by a 
parallel vector field. Clearly any pp-wave is a pr-wave, and the converse is true if the 
Ricci tensor is isotropic (i.e., the image of the Ricci operator is totally isotropic) 
[19"] . The general form of an (n + 2)-dimensional pp-wave is the following: the 
ambient space is K n+2 with coordinates (u,v,x\, ..,x n ), n > 1, and the Lorentzian 
metric is given by 

n 

(9) 9ppw = 2dudv + H(u, x\, . . . , x n )du 2 + dx 2 , 

i=l 

where H (u, xi, .., x n ) is an arbitrary smooth function. 

Lemma 10. Any isotropic locally conformally flat Lorentzian gradient Ricci soliton 
is steady and the underlying manifold is locally a pp-wave. 

Proof. Let (M,g,f) be a gradient Ricci soliton with |V/| = 0. In what follows 
we will show that V/ spans a parallel null line field and furthermore that © 
holds. Set V = V/. Since V is a null vector, there exist orthogonal vectors S, T 
satisfying g(S, S) = -g(T, T) = \ such that V = S + T. Define U = S-T, which 
is a null vector such that g(U 7 V) = g(S 7 S) — g(T, T) = 1, and consider a pseudo- 
orthonormal basis {[/, V, Ei, . . . , E n }. For any vector field Z, from equations (O 
and ([6]) we get 

(10) R{Z,E u E h V) = i— P (Z,y)% + -2- p (E i ,V)g(Z,E j ) 

n+ 1 n + 1 

-g(Z,V)8ii ~ , T , -M E^giZ^) 



n{n+l)* y ' J n{n+l) 

- -p(Z, V)Sij - -p(E h Ej)g(Z, V) 
n n 
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We use the fact that Ric(V) = XV (Remark [5]) to see that 

p(V, V) = 0, p(U, V) = A, p{V, Ei) = for all % = 1, . . . , n. 
On the other hand compute R(U, Ei, Ej, V) in expression (fT0|) to get that 

R(U,E i ,E j ,V) = -^- [ \5 ij 

T 11 

-5ij A<% p(Ei,Ej), 



n(n +1) n n 

Hence p(Ei, Ej) = if i ^ j and p(Ei,Ei) = ^jpy for alH = 1, . . . , n. Now, compute 

T = 2p(U,V) + np(E i ,E i )= ( n + 2 » + nT 

n + 1 

to see that r = (n + 2)A. Hence the scalar curvature r is constant and from ([2]) we 
have = Vt = 2 Ric(V) = 2AX^. Therefore we conclude that A = = r and the 
only possibly nonzero Ricci component is p{U, U), so (M,g, f) is a steady gradient 
Ricci soliton with nilpotcnt Ricci operator. 

Since the soliton is steady, from ([I]) we have hes/ = — Ric. Now since Ric(V) = 
0, it follows that VyV — 0, which shows that V is a geodesic vector field. 

The gradient of the potential function is a recurrent vector field (i.e., the null 
line field T> — span{V/} is parallel) if and only if V^V/ = hcs/(A') = a{X)V f 
for some 1-form a and for all X. Since (M,g, f) is a steady gradient Ricci soliton, 
it follows from the expressions above for the Ricci operator that 

hes/(L0 = -Ric([/) = -p(U,U)V, 
hes/(V) = -Ric(F) = 0, 
he S/ (^) = -Ric(^) = 0, 

showing that V is a recurrent vector field with 1-form a given by <j{U) = —p(U, U), 
<t{V) = and a(Ei) = for all i = 1, . . . , n. 

It follows now from ([5]), the expressions of the Ricci tensor above and the van- 
ishing of the scalar curvature that 

R(V ± ,V ± ,-,-)=0. 

This shows that (M, g) is a pr-wave. Moreover note that the Ricci tensor is isotropic 
and thus that (M,g) is indeed a pp-wave [19]. □ 

Remark 11. Note that although (M,g) is a pp-wave, and hence it admits a null 
parallel vector field, V/ is not in general parallel. 

5. Ricci solitons on pp- waves 

In this section we analyze the existence of gradient Ricci solitons on pp-waves. 
Thcorcm[T]-(M) will follow as a consequence of Lemma llOl and the analysis performed 
here, pp-waves are the underlying structure corresponding to many Lorentzian 
geometric properties without Ricmannian analog, thus they are a natural family to 
look for new examples of complete gradient Ricci solitons. 

Henceforth wc set M ~ R ,l+2 with coordinates (u, v, x\, . . . , x n ), and metric g ppw 
given by (j9|) for some arbitrary function H(u, xi, ■ ■ ■ , x„). The possibly nonzero 
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components of the Levi-Civita connection in the basis of coordinate vector fields 
_§_ 



11™ 1 

(11) Vo u d u = -d u Hd v - -^dtHdi, Va„<9 4 = -diHd v , i = l,...,n. 

i=l 

This shows that the null vector field d v is parallel. Moreover, the possibly nonva- 
nishing components of the curvature tensor are given (up to the usual symmetries) 

by 

(12) Ruiuj = -\dijH, /../ 1 n. 

The scalar curvature r is zero, since the Ricci tensor is determined by 

1 - 

(13) Puu = --Y;dlH. 

i=l 

Therefore, a pp-wave is Einstein (and hence Ricci flat) if and only if the space- 
Laplacian of the defining function H vanishes identically. 

Theorem 12. (M, ffppui,/) is a nontrivial gradient Ricci soliton if and only if it 

n 

is steady and the potential function f satisfies /(it, xi, . . . , x n ) = fo(u) + ^KiXi, 

i=l 

where Ki are arbitrary constants and 



fo(u) 



1 " 

- ^ KidiH(u,xi, 



Proof. Let / be a function on R Il+2 . Then the gradient is given by V/ = (d v f, d u f- 
Hd v f, dif, . . . , d n f) and thus ([T]) becomes 

n 

\Y J d i Hd l f + d 2 uu f - \d u H d v f + Puu = XH, 

dU-±d t Hd v f = o, 

dif = A, 
&uvf = A, 



(14) 



d 2 f = d 2 - f = d 2 f = 

V. w tiJ ^vzJ w vvJ u ' 



1 < i < n, 

1 < i < 77, 
1 < i =/= J ' < 77. 



Integrating equations d 2 ui f = d 2 v f = in (fT4")l we obtain that the potential function 
splits as f(u, v, Xi, . . . , x n ) = /o(w, xi, . . . , x n ) + vfi(u) for some functions /o, fi- 
Moreover equations d 2 v f = X and dfjf = now show that f(u,v,x\, . . . ,x n ) = 

n 

fi(u, Xi) + v(Xu + k) for some constant k and functions fi, i = 1, . . . , 77. Hence 

i=i 

(fT4"|) reduces to 



(15) 



^diHdifi + E d Lfi -U Xu + K ) d " H + Pu-a = a#, 

i=l i=l 

dlJi-\{Xu + K)diH = Q, 

I &ih = a, 



1 < i < 77, 
1 < 1 < 77. 
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Integrating the last equations in (|15| we have 

fi(u,Xi) = fo,i(u) + x l n l (u) + -xf, 

for some functions /o.i(w) and Ki(u). Substituting the above into (|15[) and differen- 
tiating the second set of equations one gets 

= <C,/- = (An + k)B&H, 

which shows that either, d\H = for all i (and hence the pp-w&ve is Ricci flat) or 
otherwise A = n = 0. 

The first case, when {M,g ppw ) is Ricci flat, was already analyzed in Theorem [B] 
The second case, A = k = shows that non Einstein gradient Ricci solitons are 

n 

steady and / becomes f(u, v, x\, . . . , x n ) = fo(u) + K i( u ) x i- Now the second 

i=l 

equation in (|T5|) reduces to ^[(u) = and hence Ki(u) = Ki for real constants Ki, 
which gives 

n 

(16) f(u, V,Xt, . . . , X n ) = f (u) + y^^KjXj. 

i=l 

Finally, it follows from the first equations in (|15[) that the function fo(u) is given 
by the differential equation 

(17) /o' = \ ( E dlH j - i E K{diH = - Puu - i E 

which completes the proof. □ 

Remark 13. In general, equation (|17|) does not have a solution, since the deriva- 
tives diH(u,X\, . . . ,x n ) and duH may be functions of the Xj's. Further note that 

n 

V/ is not isotropic in general since ||V/|| = J2 K i> although it is a geodesic vector 

i=l 

field since V V /V/ = - Ric(V/) = 0. 

Remark 14. A special class of pp-waves are plane waves, which are defined by 
setting 

(18) H(u,xi,..,x n ) = ^a,ij(u)xiXj. 

Note that any plane wave is a isotropic steady gradient Ricci soliton for a potential 
function / given by (|T6| for constants Ki = for alH = 1, . . . , n, since (| 1 T|) becomes 



Moreover, it is shown in [5] that plane waves are geodesically complete and therefore 
since V/ is a geodesic vector field, it follows that V/ is complete. 
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5.1. Locally conformally flat pp- waves. It follows from the expressions (fl~2|) 
and (|13|) , that a pp-w&ve is locally conformally flat if and only if the defining function 
H takes the form 



(19) 



H(u, x\,...,x n ) = a(u) 2J xl + 2J h{u)xi + c(u), 



where a, 61, ...,&„, c are smooth functions of one variable. 
In this case condition (fi~7j) reduces to 



(20) 



Y n n 

- ^2 Kibi(u) - a(u) ^2 K i x h 



i=l 



i=l 



where p uu = —na(u). So, if we differentiate (|20p with respect to xi we get that 
a(u)Ki = for all i = 1, . . . ,n. Then, unless the manifold is fiat, it follows that 
necessarily /tj = for all i, and the potential function is given by 

f(u,v,xi, . . . ,x n ) = fo(u), where fo(u) = -p uu = na(u). 

This completes the proof of Theorem [T] 

Remark 15. Gradient Ricci solitons are a particular family of Ricci solitons, which 
are triples (M, g, X) where X is a vector field satisfying: 



(21) 



-L x g + p = Xg. 



Here Cx denotes the Lie derivative in the direction of X . Note that when X = V/ 
equation (|2T|) becomes equation (TJJ. 

Let X = X u d u + X v d v + ^^Xjdj be an arbitrary vector field on (IR™ +2 , g ppw ). 



Then (HU) becomes 



(22) ^ 



\Y,diHXi + \8 U HX U + Hd u X u + d u X v + Puu = XH, 
i=i 

Hd v X u + d v X v + d u X u = 2A, 
Hd t X u + d,X v + d u Xi = 0, 
diXj + djXi = 0, 
diX u + d v X t = 0, 
d v X u — 0; diXi = A, 

Consider the vector field 



1 < i < n, 

1 < i ^ 3 < n, 
1 < i < n, 
1 < i < n. 



(23) X = p(u) - J2li( u ) x i +2Xv\d v +J2 (li(u) + X Xl ) d t 

\ i=l / i=l 

where functions p and </,• satisfy the following conditions 

a{u)q l {u) - q"{u) = 1 < i < n, 



(24) 



^J2 b i( U )li{u) + Puu +P'{u) = Xc(u). 
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Note that one can always find p, being solutions of (|24|). A straightforward 
calculation from (|22|) shows that (M,g,X) is a Ricci soliton. Also observe that 
A is the constant of equation (|21[) and can be chosen with absolute freedom. In 
contrast to the gradient case, we obtain that any locally conformally flat pp-wave 
(M,g) admits appropriate vector fields resulting in expanding, steady and shrinking 
Ricci solitons. 

5.2. Lorentzian manifolds with recurrent curvature. A pseudo-Ricmannian 
manifold (M, g) is said to be recurrent (or with recurrent curvature) if Vi? = a® R 
for some 1-form a. 

Observe here that locally conformally flat pp-waves are recurrent. Indeed it 
suffices to show that the Ricci tensor is recurrent due to local conformal flatness. 
For any locally conformally flat pp-wave (M,g ppw ) as in (|19p the only nonzero 
component of the Ricci tensor is p uu = —na(u), and hence from pip it follows that 
the only nonzero component of Vp becomes Vg u p u[I = —na'(u). Hence Vp = a® p, 
just considering the 1-form a = (lna(u))' du. 

Recurrent Lorentz manifolds have been classified by Walker [27] (see also Galaev 
[16|). Non-symmetric Lorentzian recurrent manifolds arc pp-waves which corre- 
spond to one of the following two families 

Type I: The defining function satisfies H(u, x\, . . . , x n ) = H(u,xi) where 

d\ x H is not constant. 
Type II: The defining function is given by H(u, xi, . . . , x n ) = a(u) Q^ILi ^i x l) 

for constants b\,...,b n with > ■ ■ • > |6 n |, &2 7^ 0, and a function h such 

that a'(u) ^ 0. 

For a recurrent manifold of Type I, condition (jTTJ) reduces to 

(25) fo(u) = -p uu - -Ki9ii?(M,Xi), 

where p uu = - ^d^H (u, Xi) . 

Differentiating in (f2"5"|) with respect to x\ we get ^d^H^u, x\) — ^di\\H{u, x{) = 
0, and hence the defining function H{u,x\) becomes 

H(u,xi) = —^e KlXl h (u) + hi(u) +x 1 h 2 (u). 

n 

Then the soliton is given by (sec (fT6l) - (fT7|) ) f(u,v,x\, . . . ,x n ) = fo(u) + 

i=l 

where 

f>>(u) = -^h 2 (u). 

Note that in this case V/ is always spacelike (since K\ ^ 0) and the underlying 
manifold is not locally conformally flat (unless it is flat which occurs if ho(u) = 0). 

For a recurrent manifold of Type II condition (|17[) reduces to 

n 

(26) fo( u ) = -Run - a(u) ^2 K ibiXi 

i=l 

where p uu = — a(u)^ i 6i. Taking derivatives with respect to Xi in ([2"6"]) we get 
that Kibia(u) = for all i and therefore, as b\ ^ 7^ b 2 there are two different 
possibilities: 
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(a) If bi ^ for all i then, unless the manifold is flat, it follows that Ki = 
for all i and the potential function is given by f(u,v,xi, . . . ,x n ) = fo(u) 
where Jq(u) = —p U u = a ( w )X]r=i^- ^ n ^ ms case the Ricci soliton is 
isotropic (||V/|| = 0). 

(b) If bj = for some j €E {3, . . . , n}, then Ki = for i < j and the potential 
function is given by 

n j 
f(u, v,xi,..., x n ) = f Q (u) + ^KtXi , where /q (u) = -p U u = a(u) ^ bl ~ 

Further observe that in this case V/ is spacelike. 
Summarizing the above, we have that 

Type I: A recurrent Lorentzian manifold of Type I admits a function / result- 
ing in a gradient Ricci soliton if and only if the defining function H(u,Xi) 
satisfies H(u, x\) = -^e Klxl ho(u) + h\(u) +x-Ji2(u). Moreover, in this case 
V/ is a spacelike vector field. 

Type II: A recurrent Lorentzian manifold of Type II always admits a func- 
tion / resulting in a gradient Ricci soliton. The causal character of V/ may 
be null or spacclike. 

5.3. Two-symmetric Lorentzian manifols. As a generalization of locally sym- 
metric spaces, Lorentzian manifolds whose higher order derivatives of the curva- 
ture tensor vanish, have been investigated. A Lorentzian manifold is said to be 
two-symmetric if V 2 i? = but Vi? 7^ 0. It was shown by Scnovilla |26j that 
two-symmetric Lorentzian manifolds admit a parallel null vector field and the local 
structure of such manifolds was given recently in [5], [T] showing that they are a 
special family of pp-waves. 

An (n + 2)-dimensional Lorentzian manifold is two-symmetric if and only if it is 
a pp-w&ve as in (j9]) with 

n 

(27) H(u,xi, . . . ,x n ) = (a^u + bjj)xjXj , 

i,j=l 

where (dy) is a diagonal matrix with the diagonal elements an < ■ ■ • < a nn non- 
zero real numbers and (6^) an arbitrary symmetric matrix of real numbers. 

Now, an immediate application of (|16[) - (|17t shows that two-symmetric Lorentzian 
manifolds arc gradient Ricci solitons whose potential function is given by / = fo(u) 
where 

n 

fo( u ) = -Puu = ^2(bu + ua u ). 

?:=i 

Finally observe that V/ is a geodesic vector field and (M,g) is gcodcsically com- 
plete. Moreover V/ is isotropic. 

5.4. Conformally symmetric Lorentzian manifolds. A Lorentzian manifold 
is said to be conformally symmetric if the covariant derivative of the Weyl tensor 
vanishes identically (WW = 0). Clearly locally symmetric and locally conformally 
flat manifolds are conformally symmetric and the converse is true in the Riemann- 
ian setting. In Lorentzian signature there exist, however, conformally symmetric 
manifolds which are neither locally conformally flat nor locally symmetric. These 
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manifolds have recurrent Ricci tensor and have been described locally by Derdzinski 
and Roter |13j . It turns out that all of them are pp- waves given by 

H(u, xi,... ,x n ) = a(u) x\ + 2J bijXtXj 

i i,j 

where is a nonzero symmetric matrix with X^=i ^« = 0- 

Now equations (|16|) and (|17|) show that any conformally symmetric Lorentzian 
manifold of this family admits a function / resulting in a steady gradient Ricci 
soliton with isotropic V/. 

References 

[1] D. V. Alcksccvsky and A. S. Galacv; Two-symmetric Lorentzian manifolds, 
\arXiv:1011.3439\ )l. 

[2] W. Batat, M. Brozos- Vazquez, E. Garcfa-Ri'o and S. Gavino- Fernandez; Ricci Solitons on 
Lorentzian Manifolds with Large Isometry Groups, Bull. London Math. Soc, to appear. 

[3] O. F. Blanco, M. Sanchez and J. M. Senovilla; Complete classification of second-order sym- 
metric spacetimes, Journal of Physics: Conference Series 229 (2010), 5pp. 

[4] H. W. Brinkmann; Einstein spaces which are mapped conformally on each other, Math. Ann., 
94 (1925), 119-145. 

[5] M. Brozos- Vazquez, G. Calvaruso, E. Garci'a-Rio and S. Gavino- Fernandez; Three- 
dimensional Lorentzian homogeneous Ricci solitons, Israel J. Math., to appear. 

[6] M. Brozos- Vazquez, E. Garci'a-Rfo and R. Vazquez-Lorenzo; Some remarks on locally con- 
formally flat static space-times, J. Math. Phys., 46 (2005), 11pp. 

[7] G. Calvaruso and E. Garcfa-Ri'o; Algebraic properties of curvature operators in Lorentzian 
manifolds with large isometry groups, SIGMA Symmetry Integrability Geom. Methods Appl., 
6 (2010), 8pp. 

[8] A. M. Candela, J. L. Flores and M. Sanchez; On general plane fronted waves. Geodesies, 

Gen. Rel. Gravitation, 35 (2003), 631-649. 
[9] A. M. Candela and M. Sanchez; Geodesies in semi-Ricmannian manifolds: geometric prop- 
erties and variational tools, Recent developments in pseudo- Riemannian geometry, 359-418, 
ESI Lect. Math. Phys., Eur. Math. Soc, Zurich, 2008. 

[10] H. D. Cao and Q. Chen; On locally conformally flat steady gradient Ricci solitons, Trans. 
Amer. Math. Soc, to appear. 

[11] B. Chow, S.-Ch. Chu, D. Glickenstein, C. Guenther, J. Isenberg, T. Ivey, D. Knopf, P. Lu, 
F. Luo and L. Ni; The Ricci flow: techniques and applications. Part I. Geometric aspects, 
Mathematical Surveys and Monographs, 135. American Mathematical Society, Providence, 
RI, 2007. 

[12] A. Derdzinski and W. Roter; Projectively flat surfaces, null parallel distributions, and con- 
formally symmetric manifolds, Tohoku Math. J., 59 (2007), 565-602. 

[13] A. Derdzinski and W. Roter; Some theories of conformally symmetric manifolds, Tensor 
(N.S.), 32 (1978), 11-23. 

[14] M. Fernandez-Lopez and E. Garci'a-Rfo; Rigidity of shrinking Ricci solitons, Math. Z., to 
appear. 

[15] M. Fernandez-Lopez, E. Garcfa-Ri'o, D. Kupcli and B. Unal; A Curvature Condition for a 
Twisted Product to be a Warped Product, Manuscripta Math., 106 (2001), 213-217. 

[16] A. S. Galaev; Lorentzian manifolds with recurrent curvature tensor, arXiv:1011.6541vl. 

[17] R. S. Hamilton; The formation of singularities in the Ricci flow, Surveys in Differential 
Geometry (Cambridge, MA, 1993), Vol. II, 7-136, International Press, Cambridge, MA, 1995. 

[18] W. Kiihnel and H.-B. Radcmachcr; Einstein spaces with a conformal group, Results Math., 
(2009), 56, 421-444. 

[19] T. Leistner; Conformal holonomy of C-spaces, Ricci-flat, and Lorentzian manifolds, Differ- 
ential Geom. Appl., 24 (2006), 458-478. 

[20] O. Munteanu and N. Scsum; On gradient Ricci solitons, arXiv:0910.1105vl. 

[21] K. Onda; Lorentz Ricci solitons on 3-dimcnsional Lie groups, Geom. Dedicata, 147 (2010), 
313-322. 



LOCALLY CONFORMALLY FLAT LORENTZIAN GRADIENT RICCI SOLITONS 15 



[22] V. Patrangcnaru; Lorcntz manifolds with the three largest degrees of symmetry, Geom. Ded- 
icate, 102 (2003), 25-33. 

[23] P. Petersen and W. Wylie; On gradient Ricci solitons with symmetry, Proc. Amer. Math. 
Soc, 137 (2009), 2085-2092. 

[24] P. Petersen and W. Wylie; Rigidity of gradient Ricci solitons, Pacific J. Math., 241 (2009), 
329-345. 

[25] R. Ponge and H. Reckziegel; Twisted Products in Pseudo-Riemannian Geometry, Geom. 
Dedicata, 48 (1993), 15-25. 

[26] J. M. Scnovilla; Second-order symmetric Lorcntzian manifolds. I. Characterization and gen- 
eral results, Class. Quantum Grav., 25 (2008), 25pp. 

[27] A. G. Walker; On Ruse's spaces of recurrent curvature, Proc. London Math. Soc. (2), 52 
(1950), 36-64. 

MBV: Department of Mathematics, University of A Coruna, Spain 
E-mail address: miguel.brozos.vazquezOudc.es 



EGR, SGF: Faculty of Mathematics, University of Santiago de Compostela, 15782 
Santiago de Compostela, Spain 

E-mail address: eduardo.garcia.rio@usc.es sandra.gavino@usc.es 



